Abstract. In this paper we characterize all the lexsegment ideals which are normally torsion-free. Our characterization is given in terms of the ends of the lexsegment. We also prove that the property of being normally torsion-free is equivalent to the property of the depth function of being constant.
Introduction
Powers of arbitrary ideals in general, and of monomial ideals in particular have been intensively studied during last years. Conca's examples [3] of ideals with linear quotients generated in one degree whose powers do not have a linear resolution show that the powers of ideals do not generally preserve the homological properties and the invariants of the ideal. It is interesting to see how much these invariants may vary compared to those of the given ideal.
Let S = k[x 1 , . . . , x n ] be the polynomial ring in n variables over a field k and I ⊂ S be a graded ideal. A well-known result of Brodmann [2] says that the sets of associated primes of powers of I, Ass(S/I t ), stabilize for large t. An interesting case is that when t = 1. In this case the ideal is called normally torsion-free. More precisely, an ideal I is normally torsion-free if Ass(S/I) = Ass(S/I k ), for all k ≥ 2. Examples of normally torsion-free ideals appear from graph theory. It is known that a graph G is bipartite if and only if its edge ideal is normally torsionfree, [15] . Even if squarefree monomial ideals which are normally torsion-free have been intensively studied [14] , [15] , [16] , normally torsion-free monomial ideals which are not squarefree are almost unknown. We aim at characterizing all lexsegment ideals which are normally torsion-free. This will provide a large class of normally torsion-free monomial ideals which are not squarefree. We recall that, if d ≥ 2 is an integer and u and v are two monomials of degree d in S such that u ≥ lex v, then the monomial ideal generated by all the monomials m of degree d such that u ≥ lex m ≥ lex v is called a lexsegment ideals. Lexsegment ideals were defined by Hullet and Martin [12] and they were also studied by Aramova, De Negri and Herzog [1] , [4] . The paper is organized in two sections. Since there is a strong connection between the property of an ideal I ⊂ S of having the maximal graded ideal as an associated prime ideal and the depth, more precisely, for an ideal I of S, depth(S/I) = 0 if and only if m = (x 1 , . . . , x n ) ∈ Ass(S/I), the first section is devoted to the study of the depth of the powers of lexsegment ideals. We prove that, if d ≥ 2 is an integer, u ≥ lex v are two monomials of degree d which do not satisfy any of the following conditions:
2 x min(u/x 1 ) and w > x 2 u/x 1 , where w is the greatest monomial of degree d such that w < lex v, (ii) d = 2, u ≤ lex x 1 x 3 and v = x 2 2 , and I is the corresponding lexsegment ideal, then there exists some k ≥ 1 such that depth(S/I k ) = 0. Moreover, if depth(S/I k ) = 0 for some k ≥ 1, then depth(S/I k+j ) = 0, for all j ≥ 1. In the second section, we determine classes of lexsegment ideals which are normally torsion free. Using the results from the first section, one may easy see that these are the only classes of lexsegment ideals. For lexsegment ideals, properties such as having a linear resolution or being Cohen-Macaulay can be determined just by looking at the ends of the lexsegment [1] , [4] . Our characterization for normally torsion-free lexsegment ideals is also given in terms of the ends of the lexsegment. Moreover, one may easy see that the property of being normally torsion-free is equivalent with the property of the depth of the powers of being constant.
Depth of powers of lexsegment ideals
In this section, we will focus on the depth of powers of lexsegment ideals. Through this paper, we denote by S = k[x 1 , . . . , x n ] the polynomial ring in n variables over a field k. We aim at finding all the lexsegment ideals I which have the property that there exists some k ≥ 1 such that depth(S/I k ) = 0. In order to do this, we will prove that there exists some k ≥ 1 such that m = (x 1 , . . . , x n ) ∈ Ass(S/I k ). Firstly, we recall the most frequently used concepts.
Let I ⊆ S be a monomial ideal. A prime ideal p is an associated prime ideal of I if there exists a monomial m in S such that p = I : (m). If we denote by Min(S/I) the set of minimal prime ideals over I, then it is known that Min(S/I) ⊆ Ass(S/I k ) for every k ≥ 1.
Let
is called the support of the monomial m. One may define min(m) := min(supp(m)) and max(m) := max(supp(m)). Also, for a monomial ideal I ⊂ S, we will denote by G(I) the minimal monomial generating set of I.
Let < lex be the lexicographical order on S with respect to x 1 > lex · · · > lex x n . We recall that, for two monomials m and m
and there exists 1 ≤ s ≤ n such that, for any i < s, ν i (m) = ν i (m ′ ) and ν s (m) < ν s (m ′ ). Let d ≥ 2 be an integer. We denote by M d the set of all the monomials in S of degree d. For two monomials u and
Let u, v ∈ M d be two monomials, u ≥ lex v, and I = (L(u, v)) be the corresponding lexsegment ideal. We note that we may always assume that x 1 | u and 1 ) = 0. Therefore, through this section, we will always assume that x 1 | u and x 1 ∤ v. We denote by w the largest monomial of degree d such that w < lex v.
The following result describes the depth for the powers of lexsegment ideals I such that depth(S/I) = 0. Let us fix an arbitrary integer k ≥ 2. Firstly, let us assume that ν 1 (u) > 1. In this case, the inequality
The other inclusion being trivial, we get depth(S/I k ) = 0.
The other inclusion being obviously true, we get depth(S/I k ) = 0.
The proofs of the next results work as follows. In order to show that depth(S/I k ) = 0 we provide a monomial m ∈ S of degree dk−1, thus m / ∈ I k , such that m ⊆ I : (m). Since the other inclusion I : (m) ⊆ m is obviously true, we get that m ∈ Ass(S/I k ), hence depth(S/I k ) = 0. Therefore, in the following proofs, we only show which is a right choice for the monomial m in each case.
Firstly, for the case when d = 2, we determine all the lexsegment ideals I such that depth(S/I k ) = 0 for some k ≥ 1.
Proof. We now show which is a right choice for the monomial m of degree 2k
Then one has that the monomials
By using Corollary 2.6 and Corollary 2.9, one may note that these are the only lexsegment ideals I of degree 2 such that depth(S/I k ) = 0 for some k. Next, we will consider d ≥ 3 and w < lex x 2 u/x 1 . Let w be the largest monomial of degree d such that w < lex v. We are going to treat each of the following cases: w < lex x 2 u/x 1 , w = x 2 u/x 1 , and w > lex x 2 u/x 1 .
In the next proposition we take w < lex
Proof. Let us fix k ≥ 2. We only indicate a right monomial m of degree dk − 1 such that m ⊆ I k : (m) for some k. If ν 1 (u) > 1, then depth(S/I) = 0 and the statement follows from Proposition 1.1. Therefore, we may assume that ν 1 (u) = 1.
k−1 u/x 1 for which we get that the monomials
We consider next the case when w = x 2 u/x 1 , where, as above, w is the largest monomial of degree d such that w < lex v.
Proof. Let us fix k ≥ 2. As before, we find a right monomial m of degree dk − 1 such that m ⊆ I k : (m) for some k.
In the sequel, we study the depth in the case when w > lex x 2 u/x 1 . In particular ν 1 (u) = 1, therefore, if we denote M = min(u/x 1 ), we get M ≥ 2.
Proof. In each case, we choose a right monomial m of degree dk − 1 such that
for all 2 ≤ i ≤ M, and, if M < i ≤ n,
an n and m = u k /x 1 . Then x 1 m ∈ I k and, taking into account that k ≥ d and x 2 | u,
According to Corollary 2.6 and Corollary 2.9, one may note that these are the only lexsegment ideals I of degree d ≥ 3 such that depth(S/I k ) = 0 for some k. Taking into account all the above results, we may conclude: , v) ) be a lexsegment ideal which does not satisfy any of the following conditions:
2 x min(u/x 1 ) and w > lex x 2 u/x 1 , where w is the greatest monomial of degree d with w < lex u; A particular class of lexsegment ideals for which we have a nice behavior for the depth of their powers is that of lexsegment ideals with a linear resolution. Proof. Firstly, we consider that I is a completely lexsegment ideal with a linear resolution. Using [1, Theorem 1.3], we must have one of the following cases:
k ) = 0, for any k > 1. For the case (c), we note that w ≤ lex x max(w) u/x 1 < lex x 2 u/x 1 since w < lex x d 2 implies max(w) > 2. Therefore, v ≤ lex x 2 u/x 1 and, by Proposition 1.3, depth(S/I k ) = 0, for any k ≥ 2. Now, let us assume that I is a lexsegment ideal with a linear resolution which is not a completely lexsegment ideal. We note that it is enough to prove that depth(S/I
2 ) = 0. Indeed, according to [6] , any power of a lexsegment ideal with a linear resolution has linear quotients. Therefore, by [9, Proposition 2.1], the depth is a non-increasing function which implies depth(S/I k ) = 0, for any k ≥ 2. In order to do this, we prove that m = (x 1 , . . . , x n ) ∈ Ass(S/I 2 ). Since I is a lexsegment ideal with a linear resolution which is not a completely lexsegment, according to [1, Theorem 2.4], the monomials u and v must be of the form u =
Since the other inclusion is trivial, we get depth(S/I 2 ) = 0, which ends the proof.
Normally torsion-free lexsegment ideals
We characterize all the lexsegment ideals which are normally torsion-free. The following result shows that we can reduce our study to those lexsegment ideals which have x 1 | u and x 1 ∤ v. 
Proof. It is clear that {(x 1 )} ∪ Ass(S/I ′ ) ⊆ Ass(S/I). Let us consider the converse inclusion. Let p ∈ Ass(S/I). If x 1 / ∈ p, then we must have p ∈ Ass(S/I ′ ). Therefore let x 1 ∈ p. If p = (x 1 ), then the statement is clear. We assume that there is some i ≥ 2 such that x i ∈ p. Since p ∈ Ass(S/I), there exists a monomial m / ∈ I such that p = I : (m). In particular, x i m ∈ I and x and we prove that p = I ′ : (m ′ ). Indeed, for any x j ∈ p we have x j m ∈ I. Thus, for any x j ∈ p, there exists α ∈ L(u, v) such that α | x j m. This implies that α/x
, thus x j m ′ ∈ I ′ and p ⊆ I ′ : (m ′ ). For the converse inclusion, let β ∈ I ′ : (m ′ ). We have to prove that β ∈ p. We have βm
Henceforth, we will assume that x 1 | u and x 1 ∤ v. We will firstly consider the case when depth(S/(L(u, v))) = 0. For this class of ideals, the set of associated prime ideals is known. Proof. Using [5, Proposition 3.2], depth(S/I) = 0 is equivalent to the fact that
is an initial ideal such that x 1 ∤ v, then Ass(S/I) = {(x 1 , . . . , x j ) : j ∈ supp(v) ∪ {n}}, [11] .
We have to show that Ass(S/I) = Ass(S/I k ), for any k ≥ 2. "⊆" Let k ≥ 2 and p ∈ Ass(S/I). If x 1 / ∈ p, then I is not an initial lexsegment ideal and p = (x 2 , . . . , x n ), according to Proposition 2.2. By the proof of [5, Proposition 3.1], (x 2 , . . . , x n ) ∈ Min(S/I) ⊆ Ass(S/I k ). Let x 1 ∈ p. By Proposition 1.1, the ideal (x 1 , . . . , x n ) ∈ Ass(S/I k ). Let us assume now that p = (x 1 , . . . , x j ), with j ∈ supp(v). We may assume that j < n. Let m = (
For the other inclusion, we assume by contradiction that there exists a monomial m
there exists s such that, for any i < s, ν i (ω) = ν i (T ), and ν s (ω) > ν s (T ). Since supp(ω/ gcd(ω, m)) ⊆ {j + 1, . . . , n}, we must have supp(ω/ gcd(ω, T )) ⊆ {j + 1, . . . , n} and s ≥ j + 1. Then
. "⊇" Let us fix k ≥ 2. Using Proposition 1.1, m ∈ Ass(S/I k ) and m ∈ Ass(S/I). Let p ∈ Ass(S/I k ) and assume that x 1 ∈ p. Let j := max{i : x i ∈ p}. Since p ∈ Ass(S/I k ), there exists a monomial m / ∈ I k such that p = I k : (m). Firstly, we prove that, for any 1 < i < j, x i ∈ p. Indeed, let 1 < i < j be an integer. Since x j m ∈ I k , there exist α 1 , . . . , α k ∈ L(u, v) and β a monomial in S such that
One may note that x 1 ∤ α t since, otherwise, x n α t /x j ∈ L(u, v), which implies x n m ∈ I k and x n ∈ p, contradiction. Thus x i α t /x j > lex v and x i m ∈ I k , that is x i ∈ I k : (m) = p. Next we claim that j ∈ supp(v). Let us assume by contradiction that j / ∈ supp(v). We assumed that p = m and this implies j = n. Since x j m ∈ I k , there exist monomials α 1 , . . . , α k ∈ L(u, v) and β a monomial in S such that
As before, we cannot have x 1 | α t since, in this case, we obtain also that x s m ∈ I k , for all s > j,
we get that x n ∈ p, that is p = m, contradiction. Therefore, we assume that x n α t /x j < lex v, that is there exists s ≥ 2 such that, for any 2 ≤ i < s, ν i (v) = ν i (x n α t /x j ) and ν s (v) > ν s (x n α t /x j ). On the other hand, α t ≥ lex v implies that there exists s ′ ≥ 2 such that, for any 2
Let us assume that x 1 / ∈ p and we prove that p = (x 2 , . . . , x n ). Indeed, let 2 ≤ i ≤ min(u/x 1 ). Taking into account that x n u ≥ lex x 1 v, we have i ≤ min(v) and x i ∈ p since p ⊃ I k and (
, and, since x 1 ∤ p and p ⊇ I k , we must have x i ∈ p. Therefore p = (x 2 , . . . , x n ) ∈ Ass(S/I).
According to the results from the first section, we have two remaining cases to study:
2 and w > lex x 2 u/x 1 , where w is the greatest monomial of degree d such that w < lex v and M = min(u/x 1 ).
Firstly, we consider the case when u ≤ lex x 1 x 3 and v = x Proof. According to Lemma 2.4 , it is enough to show the statement for the case u = x 1 x 3 . Therefore I = (x 1 x 3 , . . . , x 1 x n , x 2 2 ). One may note that
which is a standard primary decomposition of I, therefore Ass(S/I) = {(x 1 , x 2 ), (x 2 , x 3 , . . . , x n )}.
Since Ass(S/I) = Min(S/I) ⊆ Ass(S/I k ), we only have to prove that Ass(S/I) ⊇ Ass(S/I k ) for any k ≥ 2. Let k ≥ 2 and p ∈ Ass(S/I k ). One may easy note that we must have x 2 ∈ p since (x 2 2 ) k ∈ I k . Since (x 2 , . . . , x n ) is obviously a minimal prime ideal over I k , we have only to consider the case when x 1 ∈ p.
Therefore, let x 1 ∈ p. We assume by contradiction that there exists 3 ≤ i ≤ n such that x i ∈ p. Since p ∈ Ass(S/I k ), there exists a monomial m / ∈ I k such that p = I k : (m). In particular, pm ⊆ I k . Therefore x 1 m ∈ I k and x i m ∈ I k . Since
an n . Since x 1 m ∈ I k and m / ∈ I k we must have a 1 +1 ≤ a 3 +· · ·+a n . Indeed, if a 1 +1 > a 3 +· · ·+a n , then a 1 ≥ a 3 +· · ·+a n and, taking into account that the monomials from L(u, v) which are divisible by x 1 are of the form x 1 x j , with j ≥ 3, we get that m ∈ I k , contradiction. On the other hand, x i m ∈ I k and m / ∈ I k imply a 1 ≥ a 3 + · · · + a n + 1 using a similar argument. Thus a 1 ≥ a 1 + 2, contradiction. Therefore, the only associated prime ideal of I k which contains x 1 is (x 1 , x 2 ). Corollary 2.6. Let d = 2 and I = (L(u, v) ) be a lexsegment ideal such that u = x 1 x i for some 3 ≤ i ≤ n and v = x 
. By the first part of the proof, depth(S ′ /I ′k ) = 1 for any k ≥ 1. On the other hand depth(S ′ /I ′k ) = depth(S/(I k , x 3 , . . . , x i−1 )), therefore depth(S/I k ) = i − 2.
We now consider that
2 and w > lex x 2 u/x 1 , where w is the greatest monomial of degree d such that w < lex v and M = min(u/x 1 ). We need the following lemma. 
This is equivalent to p = p i S + p j S for some i and j, with 1 ≤ i ≤ s and 1 ≤ j ≤ r, where p i = √ Q i ⊂ S 1 and We have to prove that Ass S (S/I) = Ass S (S/I k ), for any k ≥ 2. "⊆" Let k ≥ 2 and p ∈ Ass S (S/I), that is there exists a monomial m / ∈ I such that I : (m) = p. We have to prove that p ∈ Ass S (S/I k ), that is there exists a monomial ω / ∈ I k such that p = I k : S (ω). ), therefore p ∈ Ass S (S/I k ). "⊇" Let k ≥ 2 and p ∈ Ass S (S/I k ). We have to prove that p ∈ Ass S (S/I), which, by Lemma 2.7, means to show that there exist p 1 ⊂ S 
